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Abstract —A field theory analysis of multiport, multidisconti-

nuity structures based on the generalized scattering matrix of a

generalized two-port discontinuity concept is presented. The

analysis can be used in any structure equipped with any number
of input and output ports, and results in substantial simplifica-

tions over previous analyses. The GSM’S of generalized two-port
discontinuities can also be cascaded with the same procednre as
the two-port discontinuities and can be used to determine the
electromagnetic field and the Poynting vector at every point of

the structure, The GSM of the generalized two-port techniqne is
used to analyze four-port and nonsymmetric six-port branch-

waveguide directional conplers, and good agreement between the

theoretical results and experimental data is obtained.

I. INTRODUCTION

w

AVEGUIDE structures with two ports and a large

number of discontinuities are widely used in

integrated microwave and millimeter-wave circuits, in

applicators for medical applications, and in satellite com-

munication systems. For instance, they are used in all-

metal-insert filters [1], dual-band dual-mode inwate

(@tegrated waveguide ~chnology) filters [2], coaxial fil-—
ters [3], corrugated polarizers [4], multistep waveguide

applicators [5], rectangular and conical corrugated horns

[61,[71,mode converters [81,tapers [9], and phase shifters
[10].

A very powerful and accurate technique for analyzing

most of these structures is based on modal analysis [11],

[12] and on the generalized scattering matrix (GSM) con-

cept of discontinuities [13], [14]. This technique takes into

account the local effect of and the interactions between

higher order modes at and between discontinuities. There

are a large number of waveguide structures with more

than two ports and a large number of discontinuities, for

example, directional couplers [15], [161,waveguide array

applicators [17], multiplexer [18], [19], mode transducers

[20], and mode converters [21].
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A generalization of the GSM concept for N-furcated

waveguide discontinuities, i.e., N + 1 ports, has been jpro-

posed by Ma,nsour and MacPhie [22]. Such a generalizat-

ion is of great interest for the analysis of multiport,

multidiscontinuity structures. If the multiport discontinu-

ity is regarded as a generalized two-port discontinuity,

some important simplifications in the analysis of multi-

port, multidiscontinuity structures can be made [23].

In this paper, the GSM of the generalized two-port

discontinuity concept is applied to the analysis of four-port

directional couplers. As a new application of this tech-

nique, nonsymmetric six-port directional couplers are also

considered.

Some applications of these devices, for instance, in

beam-forming networks (BFN’s) of spacecraft antenmas,

require knowledge of the electromagnetic (EM) field dis-

tribution in the structure. The technique considered in

this paper can determine the EM field and Poynting

vector distributions in the structure, thus proving its great

potential. Several examples of electric field and Poynting

vector distributions are presented.

11. GSM OF A GENERALIZED

TWO-PORT DISCONTINUITY

In order to solve multidiscontinuity geometries with

more than two ports, the first step is to obtain the GSM

of a generalized N-furcated waveguide discontinuity in a

very simple form and without any restriction. The theoret-

ical treatment of this problem has been fully described in

[231. However, the main aspects will be discussed here

because some background on the formulation is needed

for a) the derivation of the modal amplitudes in the

different regions of the structure (Section III) and b)” the

derivation of the GSM of the generalized two-port for a

composite discontinuity that allows a new and rigorous

analysis technique for nonsymmetric six-port couplers

(Section V).
A general N-furcated waveguide discontinuity is pre-

sented in Fig. l(a). This discontinuity has N + 1 ports, so

its GSM requires (N+ 1)X (N + 1) matrices [s~.] for its
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Fig. 1. Waveguide discontinuity: (a) N-furcated waveguide discontinu-
ity (b) generalized scattering matrix (GSM) of an N-furcated waveguide
discontinuity; (c) GSM of a generalized two-port discontinuity.

total characterization. The GSM chn be obtained by means

of modal analysis, as has been suggested in [11]–[14].

Considering the boundary conditions for the transverse

electric and magnetic fields at the iV-furcated waveguide

in a way similar to that proposed by Mansour and MacPhie

[22], and after some algebraic manipulation, the GSM of

the generalized two-port discontinuity (corresponding to
Fig. l(c)) can be written as

Equation (1) indicates that an N-furcated waveguide can

be treated as a generalized two-port discontinuity, and its

four block matrices constitute the GSM of the general-

ized two-port.

If the column matrices [ XIO] and [BO] are partitioned

into the N column matrices corresponding to the ampli-

tudes of the incident and reflected modes of the N output

waveguides, the GSM can be written as (see Fig. l(b))

[%1 -

[%1

[%1

[i+J

——

that constitute it are derived using the same algebraic

manipulations as in the case of the two-port discontinuity

[23]. This results in an important algebraic simplification.

Furthermore, these four matrices can be divided into

(N+ 1)X (N+ 1) matrices using (1) and (2), if necessary.
Once the GSM’S of the generalized two-port disconti-

nuities are known, they can be linked together in two

different ways: by means of either their outputs (N ports)

with N waveguide sections of length L or their inputs

(one port) with one waveguide section of length L. Both
cases are considered in a similar form [23], and can be

cascaded using a procedure similar to the one proposed

in [24] for two-port discontinuities.

HI. ELECTRIC FIELD AND POYNTING

VECTOR COMPUTATION

The GSM of the generalized two-port discontinuity

concept can be used to compute the electric and magnetic

fields and the Poynting vector at every point of the

structure.

The amplitudes of the propagating and nonpropagating

modes under consideration in the f 2 directions (a~, b~)

in the jth waveguide or multiwaveguide section linking

two adjacent multiport discontinuities are obtained from

1) the column vector [Al] of the amplitudes corre-

sponding to the modes which impinge on the input

port of the structure;

2) the GSM of the generalized two-port discontinuity

[s~] of the existing substructure between the input

port and the discontinuity placed at the left of the

section considered; and

3) the reflection matrix [ S,~] of the existing substruc-

ture to the right of the section considered (Fig. 2).

v’[sN+~ 1] ~ [sN+~zl [SN+I 31 ““” [SAT+I N+lI

[A,]
————_. —

[A21

[A31

11“[Ai+ll

(2)

Although the GSM’S of (1) and (2) are similar, (2) The matrices [S~] and [S~] are calculated from the

illustrates the physics of the discontinuity in a better GSM’S of the different multiport discontinuities that com-
manner than (l). However, the GSM of the generalized pose the whole structure by means of the procedure

two-port, i.e., (l), is more general, and the four matrices mentioned in Section II.
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Fig. 3. Four-port branch waveguide directional coupler,

The column matrices with the amplitudes of the modes,

[AO] and [110], are calculated as follows:

[Bo]=([u]- [s:o][y][s;][y])-l[s:][AJ

[/40]=[y][sf][y][Bo] (3)

where [U] is the unit matrix. The quantity [-y] is a diago-

nal matrix with elements exp ( – y~.L), where y~ is the

propagation constant of the nzth mode of the jth wave-

guide.

Once these amplitudes are known, the EM field is

easily computed by means of its expression in terms of the

electric and magnetic fields of the section’s eigenmodes.

It should be noted that when the linking section con-

sists of two or more waveguides, the computed [AO] and

[BO] column vectors must be partitioned into the different

column vectors corresponding to the modal amplitudes of

the different waveguides. In this case the matrix [y]

consists of different block diagonal matrices [23].

Once the electric and magnetic fields are obtained, the

Poynting vector is calculated in a straightforward manner.

IV. FOUR-PORT BRANCH-WAVEGUIDE

DIRECTIONAL COUPLER,

In this section, the GSM of the generalized two-port

concept is applied to the analysis of a four-port branch-

waveguide directional coupler (four-port BWDC). The

geometry of the structure is well known and is schemati-

cally shown in Fig, 3.

Different methods have been applied to the analysis of

this structure:

a)

b)

With the transmission line model, either equivalent

circuits are used to simulate the E-plane T junctions

[251 or an accurate ‘characterization of this junction

is obtained from a cavity field expansion [26]. Even

in this second case, the transmission line model does

not take into account, in an adequate manner, all

the higher order mode interactions, and discrepan-

cies between experimental data and numerical pre-

dictions have been observed.

Field theory analysis uses both the mode matching

technique and the admittance matrix formulation

[16]. This technique overcomes the difficulties men-

tioned above, for it considers all parasitic phenom-

ena associated with higher order modes. Because of
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Fig. 4. Two-branch four-port coupler (dimensions in mm A = 19.05,

B1 = B2 = 9,525, T = 7.182, L1 = 7.852, S1 = 1.179, T1 = 3.680). Experi-

mental results (dashed lines). Results computed by means of the GSM
of the generalized two-port concept (solid lines). Results computed by

means of the connected T-junction model (dotted lines).

symmetry considerations, the four-port structure can

be recluced to the analysis of two structures with

only two ports. However, nonsymmetric structures

cannot be easily analyzed with this formulation.

The GSNl of the generalized two-port concept de-

scribed in !3ection II is a field theory analysis which uses

the mode lmatching technique, considers all effects of

higher order mode interactions, and can be applied with-

out restrictions to nonsymmetric structures.

The four-port BWDC is assumed to consist of a combi-

nation of one basic discontinuity, i.e., a bifurcation in the

E plane of the rectangular waveguide. The GSM of this

discontinuity is a particular case of that mentioned in the
previous section with N = 2. In this case, we consider a

TEnO wave incident on one of the three ports of the

discontinuity, which is uniform in the x direction, so that

the TE~. family of modes will be excited [27].

The number of modes employed in each section of the

BWDC is proportional to its height in order to achieve a

high convergence rate while obtaining accurate results.
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Fig. 5. Electric field distribution inthetwo-branch four-port BWDC with dimensions presented in Fig.4in the middle
plane x= A/2 at frequency ~=12.3 GHz and at different times: (a) t=to, (b) t= fO+T/12, (c) t= fO+T/6,

(d) t = to + T/4.
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Fig. 7. Real part of the Poynting vector for the three-branch four-port
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cies: (a) ~ = 11.5 GHz, (b) ~ = 14.75 GHz, and (c) ~ = 15.5 GHZ.

Typically, 12 modes are considered in the highest cross

section. Calculations have also been performed with up to

30 modes to verify the accuracy of the results.
In Fig. 4, the computed resPonses of a two-branch

coupler are compared with measurements. This figure

indicates that the theoretical responses computed by

means of the GSM of the generalized two-port concept

(solid lines) are in excellent agreement with experimental

Fig. 8.

V// /// / /-’////
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(a)

Nonsymmetric siz-port coupler.

(b) (c)

Fig. 9. Basic multiport discontinuities of a six-port coupler. (a) Trifur-

cation in E plane of rectangular waveguide. (b) Bifurcation in E plane
of rectangular wavemide. (c) composite discontinuity With two isf~lated
input ports, one directly linked to one of the output ports and the other
bifurcated into two output ports.

measuremerlts (dashed lines). The GSM and experimental

results are also compared in Fig. 4 with those obtained by

means of aln accurate analysis Of T junctions [261 con-

nected through the equivalent transmission line of a rect-

angular waveguide excited only by the TE ~0 mode (dotted

lines), and significant differences between experimental

data and the results of this technique are observed.

The electric field in the four-port BWDC considered

above has been calculated by means of the procedure

described in. Section III, and is presented in Fig. 5, which

illustrates the electric field in the middle plane x = xl/2

at a frequency of 12.3 GHz at different times.

Fig. 5 clearly illustrates the reduced dimensions of the

central post of this narrow-band coupler.’ These reduced

dimensions imply a significant higher order mode interac-

tion between T junctions, which ‘can explain the discrep-

ancies between ex~erimental data and the computed re-

sults based on the use of T @nctions connected through

the equivalent line of the fundamental mode (dashed and

dotted lines in Fig. 4). In fact, as can be’ observed in Fig.

5, the computed electric field in the connecting sections

between T junctions can hardly be described by only the
fundamental mode of the rectangular waveguides that

constitute those sections.

The comlputed and measured responses of a three-

branch coupler are presented in Fig. 6. In comparison

with the theory involving connected T @nctions, the

method based on the GSM of the generalized two-port is
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Fig. 10. Three-branch nonsymmetric SPC (dimensions in mm: A = 19.05, B1 = B2 = 9.525, T1 = 6.905, 7’2 = 7.261,
L1 = 2.794, L2 = 3.883, L3 = 5.769, L4 = 7.947, S1 = 3.413, S2 = 1.235). Experimental results (dashed lines). Results
computed by means of the GSM of the generalized two-port concept (sohd lines). Results computed by means of the
connected single and double T-junction model (dotted lines)

able to predict more accurately the reflection and cou-

pling levels. The resonance phenomenon which occurs at

the frequency of 14.75 GHz is also predicted more accu-

rately by the GSM technique.

The real part of the Poynting vector in the middle

plane x = A/2 at several frequencies is presented in Fig.

7 for the three-branch four-port BWDC above described.

It is shown in Fig. 7 that the energy flows mainly through

the second and third branches, whereas very little energy

flows through the first branch of the structure (Fig. 7(a),
~= 11.5 GHz).

In Fig. 7(b) which corresponds to a frequency of 14.75

GHz, a vortex in the Poynting vector centered under the

second branch can be observed. In this region, constituted

by a rectangular waveguide of dimensions 19.05X 25.7

mm, the TE:I and TE:Z modes are propagating. These

higher order modes provide the transverse power flow

required for the vortex formation. A similar phenomenon

has been observed in rectangular waveguides with an iris

[28]. It is worth noting that there is a correlation between

this vortex and the sharp peak of the structure response

presented in Fig. 6 at the same frequency. At a higher

frequency (~= 15.5 GHz, Fig. 7(c)) the Poynting vector

exhibits a similar behavior to that presented at a fre-

quency ~ = 11.5 GHz.

As illustrated above, the Poynting vector representation

can be used to determine the regions in which high power

densities occur and to give a deeper insight into reso-

nance phenomena.

V. NONSYMMETRIC SIX-PORT BRANCH-WAVEGUIDE

DIRECTIONAL COUPLER

A more complex structure, one where the GSM of the

generalized two-port shows its great potential, is the non-

symmetric six-port branch coupler (SPC) presented in

Fig. 8.

This structure is of great interest for applications in

power divider networks (PDN’s) for contoured beam

satellite antennas, for it minimizes the number of re-

quired power dividers in the PDN, thus reducing the

length of the signal paths and minimizing losses, volume,

and weight.
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The first SPC was proposed by Kuhn et al. [29]. In that

work, owing to the symmetry of the structure, two of the

three output power levels into which the input power was

split were equal. This severe restriction reduces the apfili-

cability of the symmetric SPC. In order to obtain arbitrary

power ratios in the three output ports, a nonsymmetric

SPC was proposed by Carle [30] using a technique, that

results in an accurate analysis of double asymmetrical

E-plane T junctions. However, Carle [30] analyzed the

overall structure as a set of different single and double

asymmetrical E-plane T junctions connected through

transmission lines. Therefore, interaction effects of higher

order modes were not taken into account in these connec-

tions. For this reason, differences greater than 0.5 dB in

the coupling values can be observed between the numeri-

cal and experimental results.

In this section, the nonsymmetric SPC is analyzed by

means of the GSM of the generalized two-port concept in

order to consider all the higher order mode interactions

and obtain more accurate results.
The nonsymmetric SPC is assumed to consist of cas-

caded multiport discontinuities that can be classified into

three basic groups:

a) trifurcation in the E plane of the rectangular wave-

guide (Fig. 9(a));

b) bifurcation (Fig. 9(b));

c) composite discontinuity with two isolated input ports,

one directly linked to one of the output ports and

the other bifurcated into two output ports (Fig.

9(c)). This discontinuity is not as simple as the

N-furcation presented in Section H. The derivation

of the GSM of the generalized two-port for this

compc~site discontinuity is presented in the Ap-

pendix

The same general considerations about the family and

number of modes to be employed in these basic dislconti-

nuities as those for the case of bifurcation described in

Section IV apply here.

In Fig. 1.0, numerical and experimental results for a

three-branch nonsymmetric SPC are presented. Again, an

excellent agreement between experimental data (dashed

lines) and numerical results obtained by means c)f the

GSM of the generalized two-port discontinuity cclncept

(solid lines) can be observed. For comparison, the results
obtained by the authors usihg a procedure similar to that

proposed in [30] are also included in the figure (dotted
lines). As stated before, significant differences are ob-

served between this theory and experimental data.

For bOth the four-port and the six-port couplers, it is

worth noting that, in the useful band of the couplers

(where the reflection and isolation levels are low enough),

the differences between measured coupling levels and the
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Fig. 12. Electric field and Poynting vector in the middle plane .x= A/2 of the nonsymmetric SPC with dimensions

presented in Fig. 10at f=12.3 GHz. Structure excited bythefundamental mode inthelower inuutport 3.(a) Electric field

(f= O). (b) Real part o; the Poynting vector.

coupling levels predicted by the connected T-junction

model arelower. However, even inthese frequency bands,

unacceptable differences are obtained (see Figs. 4, 6, and

lo).

The electric field and the Poynting vector in the middle

plane .x = A/2 at a frequency of 12.3 GHz for the struc-

ture considered in Fig. 10 are presented in Fig. 11. The

fundamental mode TEIO is considered as the input field

at the central input port (port 2). In Fig. 12, the electric

field and the Poynting vector of the same structure con-

sidering the fundamental mode TEIO incident on port 3

are presented.

The electric field and the Poynting vector shown in

Figs. 11 and 12 are of great importance in determining
regions of high field intensities and for the prevention of

multipactor breakdown phenomena [31].

VI. CONCLUSIONS

A field theory analysis of multiport, multidiscontinuity

structures has been presented. An extension of the well-

known generalized scattering matrix (GSM) technique for

structures with two-port multidiscontinuities has been

proposed to analyze with high accuracy multiport, multi-

discontinuity structures. The proposed extension is based

on the GSM of the generalized two-port discontinuity

concept. Very important simplifications in the analysis of

these structures can be obtained, because the technique is

independent of the number of ports and because complex

structures can be analyzed by cascading, using a simple

procedure similar to that applied to structures with only

two ports.

“ro illustrate the features of the proposed formulation

anld to demonstrate its effectiveness, four-port and non-

syrnmetric six-port branch waveguide directional couplers

have been analyzed. An excellent agreement between

numerical predictions and experimental data has been

obtained.

The response of the analyzed couplers has also been

obtained by means of the analysis of single and double T

junctions connected through transmission lines. This anal-
ysis yields significant discrepancies with measurements

because it neglects higher order mode interactions be-
tween adjacent single and double T junctions.

The GSM of the generalized two-port discontinuity

concept has been used to calculate the local electric and

magnetic fields and the Poynting vector, which are of

great interest in determining regions of high field inten-

sity.

APPENDIX

In order to obtain the GSM of the generalized two-port

[S’1 of the multiport discontinuity of Fig.9(C),itismore
convenient to begin with the five-port scattering matrix of
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the discontinuity, written as

u[B,]
[%1——___
[%1

[B~l

[&]

—

[’%] [w
[w [s;2]
[s:,] [s:2]

1[s:,] [s:2]
[s;,] [s:2]

[%1 [’%1 [%1
[s;31 [f%] [’$;51

\ [X31 [’%1 [%51
\ [s:3] [s;4] [s;5]

[A,]

[Azl

[As] -

[A~l

[A5]

(Al)

Since ports lC and 3C are isolated from ports 2c, 4c, and

5c by the metallic E plane of thickness Tl, the matrices

involving coupling between these ports must be null, i.e.,

[S;n] = [0] fornz=l,3 and n=2,4,5

m= 2,4,5 and n=l,3 (A’2)

where [0] is the null matrix

Since ports lC and 3C are directly connected without

any discontinuity, all the incident modes are transmitted

with the same magnitude and phase, and no reflection

occurs on these ports, i.e.,

[s;l] = [s;3] = [U]

[s;,] = [s:3] =[0]. (A3)

The other matrices, [S;,,] (m, n =2,4,5), are obtained

by calculating the GSM of the generalized two-port of the

bifurcation at port 2C into ports 4C and 5C as in previous

cases and partitioning according to (2) as

l$ii’li:’i::--{i:-ll!:il(A4)

Finally, the GSM [S’] of (Al) can be constructed using

(A2)-(A4) as

‘s’]=[{%+!%-l

I
[01 [01 1 [u] [0] [0] -

[01 [$2] ~ [01 [’$41 [%51—————
= ~til---~6:-@j@[ii; -[ii;-- [0]

[o] [sb] 1 [o] [s:41 [M5]

[01 [%] \ [01 [X41 [s:51_
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